We present an experimental analysis of the effect of a rf amplitude modulation of the injection current in a distributed-feedback diode laser at 1.55 mm near the first period-doubling bifurcation. First experimental results of a virtual Hopf phenomenon were observed when two moving bumps with Lorentzian shapes appeared in the spectrum before the onset of the first period-doubling bifurcation occurred. We characterized this observation by increasing the amplitude of the current modulation of the diode laser until period-doubling bifurcation took place. The shape and position in the spectrum of these Lorentzian bumps were studied by the noise precursors theory, which predicts that the presence of noise will act as a virtual Hopf precursor in systems undergoing a period-doubling bifurcation.
Nonlinear dynamics in diode lasers has been the subject of many theoretical and experimental investigations in the past decade, as it shows a rich variety of irregular behavior on its route to chaos. 1 A singlefrequency diode laser is commonly studied by a rate equation model that describes the time evolution of the photon and carrier densities. In these equations, the inclusion of an additional degree of freedom as modulation of the injection current, external light injection, or optical feedback is needed for nonlinear dynamics to appear. 2 To our knowledge, nonlinear behavior in semiconductor diode lasers has been extensively studied by many authors, who used delayed optical feedback and strong current modulation. In the former, the observed route to chaos was through successive subharmonic bifurcations or a quasi-periodic route. 3, 4 In the strong current modulation case the period sequence was truncated by period tripling before the onset of chaos. 5, 6 Parametric amplification, however, was observed in semiconductor diode lasers if the laser was modulated with a sinousoidal large signal current of a frequency near 2f r (where f r is the resonance frequency of the diode laser). 7 These effects were analyzed by Wiesenfeld a few years later in terms of the amplif ication properties that appear in bifurcating dynamical systems. 8 In that study, semiconductor lasers were proposed as good candidates for analysis of the rich variety of nonlinear phenomena near period-doubling bifucations. 8 Recent study has shown that the effect of Langevin noise in modulated semiconductor lasers has a virtual Hopf precursor for period-doubling bifurcations. 9, 10 In this sense, Weisenfeld previously predicted that virtual Hopf phenomena will appear in systems undergoing a period-doubling bifurcation in the presence of external noise. 11, 12 The aim of our study has been to present experimental evidence of the moving bumps that appear near the first period-doubling bifurcation in modulated diode lasers and explain the virtual Hopf phenomenon that appears in dynamic systems that are undergoing period-doubling bifurcation. 11, 12 In this case, the internal f luctuations of the diode laser that cannot be eliminated act as noise precursors to explain the appearance of these moving bumps before the onset of a period-doubling bifurcation occurs. So we study the inf luence that has the control parameter in a dynamic system near the first period-doubling bifurcation for obtaining this virtual Hopf phenomenon, which in this case we obtain by changing the amplitude modulation of the injection current into the diode laser.
In Fig. 1 we illustrate the experimental setup that we used for strong current modulation in a commercial distributed-feedback InGaAsP diode laser at 1.55 mm. The semiconductor laser was dc characterized through the monitor photodiode current. The sensitivity of the monitor photodiode was 0.56 A͞W for this laser. The threshold current ͑I th ͒ was obtained at 10.3 mA. Once the dc characteristic of the laser was measured, an amplitude modulation current was added to the bias current, provided by our HP83715A continuous-wave (CW) rf generator ( Fig. 1 ) coupled to the diode laser through a bias T. The electrical rf signal was isolated from external signals by shielded cables terminated with SMA connectors. The modulated light was coupled by an optical f iber connector in a high-speed P-I-N photodiode. The P-I -N photodiode was reverse biased, with a sensitivity response of 0.9 A͞W. The current was modulated at rf frequencies where the first period-doubling bifurcation was observed (Fig. 2) . Figure 2 shows the appearance of the first period-doubling bifurcation for this distributed-feedback diode laser. This bifurcation occurred in the spectrum of Fig. 2(b) as a peak frequency at f 2.1238 GHz when the modulation frequency of the diode laser was set at f m 4.2476 GHz ͑ f m 2f ͒ with an amplitude modulation corresponding to 12.6 dBm of rf power. This rf power was coupled through a bias T to the injection current of the diode laser with a 50-V load. The laser diode was biased at dc current above threshold of I b 12.6 mA. We can appreciate the appearance in the spectrum of a double peak Fig. 2(a) instead of a single peak [ Fig. 2(b) ]. We obtained this double-peaked spectrum by applying to the diode laser the same dc injection current and frequency modulation as for Fig. 2(b) . The only difference between the two observations is related to the rf power coupled to the diode laser, which is 3.17 dBm less for Fig. 2 (a) than for Fig. 2(b) . In this sense, we observe a behavior similar to when a modulated diode laser approaches the onset of a period-doubling bifurcation, 13, 14 with the main difference that the onset of this period-doubling bifurcation [ Fig. 2(b) ] was preceded by a doubled peak in the spectrum (each peak was symmetrically separated from the onset of the bifurcation point) as the modulation of the current injection to the diode laser was changed.
From Fig. 3 we can observe in more detail the evolution of the spectrum from that in Fig. 2(a) to that in Fig. 2(b) , with a center frequency at f m ͞2 ͑ f Х 2.1 GHz͒, which is half of the modulation frequency of the diode laser ͑ f m Х 4.2 GHz͒. From Fig. 3(a) we can appreciate the Lorentzian shapes of these two peaks with a modulation injection current of 9.43-dBm rf power coupled to the diode laser. The dc injection current applied to the diode laser is I b 12.6 mA and the modulation frequency is f m Х 4.2 GHz for all observations presented in Fig. 3 . The FWHM of these two peaks is 4 MHz; their separation is ϳ51 MHz. The appearance of these Lorentzian bumps before the onset of the period-doubling bifurcation is evidence of a noise precursor for virtual Hopf phenomena in dynamic systems undergoing period bifurcations, as predicted by Weisenfeld. 11, 12 When the modulation injection current was increased from 9.43-dBm [ Fig. 3(a) ] to 10.26-dBm rf power, the two peaks came closer to each other symmetrically [ Fig. 3(b) ]. If we further increased the amount of rf power coupled to the diode laser to 10.9 dBm, the two peaks became closer, as shown in Fig. 3(c) . Further increasing the amplitude of the modulation current applied to the diode laser to 12 dBm and 12.6 dBm caused these two peaks to evolve into a single peak as the onset of the perioddoubling bifurcation was obtained [ Figs. 3(d) and 3(e) , respectively].
The sequence of the evolution of these two bumps with Lorentzian shapes until the f irst period-doubling bifurcation appears is presented in Fig. 3 , similarly to the same sequence predicted theoretically by Weisenfeld in Fig. 3 of Ref. 11, which is explained by the theory of noise precursors. This theory determines that the broadband power spectrum close to a dynamic instability is a consequence of the virtual Hopf phenomenon because the noise precursor of a Hopf bifurcation, instead of giving rise to Hopf instability, changes into the precursor of period-doubling bifurcation. 11, 12 The continuous evolution from the Hopf precursor to the period-doubling precursor is characterized by the behavior of the Floquet multipliers m as the control parameter is varied. The multipliers m can be either real or in complex-conjugate pairs. In our case, in Fig. 3(a) the positions of the Floquet multipliers have complex conjugate values m and m ‫ء‬ , just as in the situation before a Hopf bifurcation. If m ͑1 2 e͒exp͑iu͒, the shape of these Lorentzian bumps of Fig. 3(a) is determined by e, whereas the positions of these bumps in the power spectrum are symmetrically related to f 0 and f m [ Fig. 2(a) ] by the angle u.
11,12
In our case the corresponding values of e and u for Fig. 3(a) are e Х 0.002 and u 60.95p, where exp͑6i0.95p͒ 20.988. These two Floquet multipliers move across the circle jmj 1 2 e until they meet the negative real axis [ Fig. 3(d) ]; then they split, with one of them exiting the until circle at 21, which corresponds to the onset of the f irst period-doubling bifurcations in Fig. 3(e) . In addition, we can observe that the moving bumps in Figs. 3(a), 3(b) , and 3(c) have Lorentzian shapes, as was predicted by the noise precursors theory, in which their shapes and positions in the spectrum are determined by the Floquet multipliers. 11, 12 The height of these Lorentzian shapes is determined by the strength of the noise, which in our case is due to internal noise, is measured relative to the main peak of the frequency modulation ͑ f m ͒ rf power (Fig. 2) . However, when the Lorentzian peaks move as the amplitude modulation of the diode laser is increased from rf powers of 9.43 dBm [ Fig. 3(a) ], to 10.26 dBm [ Fig. 3(b) ] to 10.9 dBm [Fig. 3(c) ], the heights of these peaks decrease from 255.7 to 256.95 to 257.15 dBm, while the background noise level goes from 266 to 264 to 262 dBm. The situation shown in Fig. 3(d) corresponds to an overlap between the two Lorentzian shapes as the noise precursors of the intensity spectrum move close to each other in the jmj 1 2 e circle before they meet in a single Lorentzian shape.
Finally, the Lorentzian shape at the onset of the period-doubling bifurcation in Fig. 3(e) has a supplementary height of 1 dBm at f m ͞2 2.138 GHz. This means that the best f it for a Lorentzian shape has a peak of 248.6 dBm instead of 247.6 dBm [ Fig. 3(e) ]. This can be explained by the tendency for the bifurcation peak to grow and become a sharp line as the onset of the f irst period bifurcation is taking place. 12 In conclusion, we have experimentally observed, for the first time to our knowledge, the evolution of the two Lorentzian peaks that appear before the onset of period-doubling bifurcation. This is a signature of the virtual Hopf phenomena in distributed feedback diode lasers that appears when the control parameter is varied; i.e., the amplitude modulation of the injection current applied to the diode laser is changed. The evolution of these two peaks was explained by the noise precursors theory predicted by Weisenfeld for systems in which the presence of noise acts as a virtual Hopf precursor for the onset of a period-doubling bifurcation.
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